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In this note we prove that the dual of a non distributive LLD lattice is never

an LLD.  Equivalently we prove that the lattice of Figure 1 is never a sublattice of
an LLD lattice.

Let L be an LLD lattice, let J be its set of join irreducibles and let B be the
Boolean algebra of subsets of J.  We use the fact that L partitions B into a disjoint
set of intervals, A^/C(A), and that the maps  X  A^  and X  C(A) for X 
A^/C(A) are, respectively, a closure operator and a path independent choice
function onB.

The intervals for meet  and join of two elements of an LLD are given by

AB = (A^B^)/C(A^B^)  and  AB = (A^B^)^/C(AB)

If the lattice of Figure 1 were a sublattice of an LLD then B =  B(AD) and so

C(B) = C[B(AD)] = C[C(B)  C(AD)] = C[(C(B)  C(A^D^)]

= C[(B  (A^D^)]  = C[(BA^)(BD^),

the next to last inequality being an application of the path independence of the
choice function C.

Now we claim that BA^  U^/C(U)  and symmetrically,  BD^ 
U^/C(U).  Form this it follows that C(B)  U^/C(U^); a contradiction.

The claim holds because AB = U and so (A^B^)^ = U^ and thus, using path
independence



C(U)  = C(A^B^ ) = C(C(A^)  C(B^)) = C(C(A^)  C(B)) = C(A^B), and so
A^B  U^/C(U).

Now the dual of the lattice of Figure 1 appears in every non-distributive
LLD.  This means then that the dual of such a lattice cannot be a LLD.  In
particular an LLD cannot be self dual.

This means that the join and meet semi-groups defined by a lattice cannot
be isomorphic if the lattice is a non-distributive LLD.


